We report a holographic study of a two dimensional dilaton gravity theory with the Dirichlet boundary condition for the cases of non-vanishing and vanishing cosmological constants. Our result shows that a boundary theory of the two dimensional dilaton gravity theory with the Dirichlet boundary condition for the case of a non-vanishing cosmological constant is a Schwarzian term coupled to a dilaton field, while for the case of a vanishing cosmological constant, it is a trivial theory that does not have a kinetic term. We also include the higher derivative term R 2 , where R is the scalar curvature that is coupled to a dilaton field. We find that the form of the boundary theory is not modified perturbatively. Finally, we show that a lattice holographic picture is realized up to the second order perturbation of the boundary cut-off ǫ 2 under a constant boundary dilaton field and the non-vanishing cosmological constant by identifying the lattice spacing a of a lattice Schwarzian theory with the boundary cut-off ǫ of the two dimensional dilaton gravity theory.
Introduction
General relativity is a theory that recasts gravitation as deformation of spacetime geometry induced by matters. This theory is formulated mathematically in terms of the Einstein field equations. Solutions of the Einstein field equations provide the interesting phenomenon that when a region of spacetime suffers from extremely strong gravitational effects, then nothing can escape from the region. This region is called black hole [1] . We are also especially interested in the black hole entropy because it leads us to study holographic principle [2] in quantum gravity theory, which is an ultraviolet (UV) complete theory with the Einstein gravity theory at an infrared (IR) limit.
The area law of the black hole entropy is found by generalizing the second law of the ordinary thermodynamics, which describes that entropy does not decrease in a closed system. The generalized second law of thermodynamics [3] is that the sum of the black hole entropy and environmental entropy outside does not decrease. The coefficient of the black hole entropy was also first computed from the generalized second law of thermodynamics by assuming that the smallest possible radius of one particle is equal to its Compton wavelength [4] . However, it had already been known that the assumption for the radius is not suitable and the assumption [4] did not give the correct coefficient. After the four laws of black hole thermodynamics was proposed [5] and the Hawking temperature was derived from the semi-classical approximation (the metric field is treated as a background field, but the matter field can have quantum fluctuation), the exact coefficient of the black hole entropy in the 3+1 dimensional Schwarzschild solution was obtained by using the first law of black hole thermodynamics and the Hawking temperature [6] . The coefficient of the black hole entropy also suggests that physical degrees of freedom in quantum gravity theory should be only on a boundary if we assume that phenomena related to quantum states can be observed in quantum gravity theory [7] .
The above discussion of the holographic principle only shows the evidences from the Einstein gravity theory, which possibly be the IR effective theory only. The connection between a UV complete theory and the holographic principle is still absent. The first evidence of the holographic principle from a UV complete theory was discovered from string theory by showing that the area of a system can be related to the string coupling constant [8] . String theory is defined in the worldsheet space and its low energy theory contains the Einstein gravity theory from fluctuation of a target space and vanishing one-loop β-function. From the solutions of a low energy string theory or the type IIB supergravity theory, it was found that the bulk metric is the five-dimensional anti-de Sitter (AdS 5 ) times a five dimensional sphere and the boundary theory is the four dimensional N = 4 U(N) supersymmetric Yang-Mills theory, where N is a number of supercharge [9] . This also leads to the conjecture for the general correspondence between the d-dimensional anti-de Sitter spacetime and the (d −1)-dimensional conformal field theory (AdS d /CFT d−1 ) [9] .
One interesting holographic two dimensional bulk gravity theory [10] is a dilaton gravity theory with the Dirichlet boundary condition and a negative cosmological constant [11] . One can show that the associated boundary action is a Schwarzian term [12] coupled to a dilaton field, the Lyapunov exponent is also saturated in the boundary theory [12] , and the the effective boundary action is also equivalent to a one-dimensional Liouville theory [13] . Furthermore, the two dimensional gravity theory can also be obtained from the three dimensional Einstein gravity theory through compactification [14] . The non-trivial feature of the holographic study is that a generic dilaton solution [15] on the boundary can be consistently obtained from the bulk side [16] . One also show that the boundary effective theory is Chern-Simons quantum mechanics by including a counter term for the flat background when the boundary dilaton field is a constant [17] . Now the current understanding of the holographic principle is still largely restricted to the AdS metric field. In this Letter, we show that the holographic study can be extended to other metric solutions. We also show that the higher derivative term R 2 can be easily included in the two dimensional dilaton gravity theory because physical degrees of freedom of a two dimensional gravity theory only comes from the scalar curvature (R).
Additionally, a boundary cut-off is usually introduced in a bulk gravity theory to study the holographic correspondence [19] . Since we expect that such cut-off would correspond to a UV cut-off in the corresponding boundary theory and that a real space lattice spacing in a lattice theory should play the same role as the UV cut-off, an action of a two dimensional dilaton lattice gravity theory possibly corresponds to an action of a lattice boundary theory [18] . In this Letter, we use a perturbation method to show such equivalence up to the second order of the boundary cut-off ǫ 2 .
Holographic Study in a Two Dimensional Dilaton Gravity Theory
One holographic study of a two dimensional dilaton gravity theory with the Dirichlet boundary condition and a negative cosmological constant has been investigated in [12, 13, 16] . Besides reproducing their result, we also consider the scenario with positive and zero cosmological constants and take into account an effect of the higher derivative term R 2 .
We first consider that the action (S gravity ) of the two dimensional gravity theory in the bulk as
where φ 0 is a trivial dilaton field or a constant field, G 2 is a two dimensional gravitational constant, φ is a non-trivial dilaton field. Note that the spacetime indices are labeled by the Greek indices (µ, ν, · · · ) and that the spacetime interval (ds 2 ) and the metric (g µν ) are defined by ds 2 = g µν dx µ dx ν . The scalar curvature (R) is defined by R = g µν R µν and
Since the first term in the action is also topological, it contributes the trivial equation of motion. However, the second term of the action gives the equation of motion R = 2Λ by varying with respect to the non-trivial dilaton field φ. The equation of motion of the inverse metric field g ρσ is −∇ ρ ∇ σ φ + g ρσ ∇ 2 φ + Λg ρσ φ = 0, where ∇ ρ is the covariant derivative in the ρ direction and ∇ σ is the covariant derivative in the σ direction and
When the Dirichlet boundary condition is imposed on the boundary fields: δg µν = 0 and δφ = 0, one automatically includes the boundary term in the action of the two dimensional dilaton gravity theory −[1/(8πG 2 )] du | det h uu | φK, where h uu is an induced metric and K is the trace of the extrinsic curvature K ≡ g µν ∇ ν n µ , in which the unit vector n µ satisfies the normalization condition: g µν n µ n ν = −1 for Λ > 0 and g µν n µ n ν = 1 for Λ ≤ 0, and ∇ ν n µ ≡ ∂ ν n µ − Γ γ µν n γ . For the case of the non-vanishing cosmological constant, we consider the metric ds
where t ′ ≡ dt/du and z ′ ≡ dz/du, and also use the proper length of the induced metric at leading order with respect to the boundary cut-off (1/|Λ|)[(t
where ǫ is a positive constant. One perturbative solution of z is z = ǫ/ |Λ| t ′ + · · · . When the cosmological constant vanishes, we choose the metric ds
and the induced metric h uu = t ′2 + x ′2 = 1/ǫ 2 . We can also parametrize t ′ and x ′ as t ′ = (1/ǫ) cos θ and x ′ = (1/ǫ) sin θ, where 0 ≤ θ < 2π. To derive a boundary action of the two dimensional dilaton gravity theory with the Dirichlet boundary condition (see Supplementary Material [20] ), we first integrate out the bulk dilaton field (φ), then we find that the action of the bulk theory vanishes and only need to consider the boundary action of the two dimensional dilaton gravity theory with the constraint R = 2Λ. Thus, we take solutions under the constraint (R = 2Λ) to the boundary action of the two dimensional dilaton gravity theory with the Dirichlet boundary condition.
For the case of the non-vanishing cosmological constant, we find that the boundary action of the two dimensional dilaton gravity theory with the Dirichlet bound-
in which · · · is not universal with respect to the boundary cut-off ǫ, the Schwarzian term is Sch(t, u) ≡ (t ′′′ /t ′ ) − (3/2)(t ′′2 /t ′2 ), and the dilaton field on the boundary is φ = |Λ|φ b /ǫ + · · · [15, 16] , where φ b ≡ (α + βt + γt 2 )/t ′ , in which α, β and γ are arbitrary constants. Here we assume that the boundary cut-off ǫ is small enough to perform valid perturbation. We can get the same boundary action for the cases of the positive and the negative cosmological constant because the normalization condition of the unit vector n µ has an opposite sign.
For the case of the vanishing cosmological constant, we find that the corresponding boundary action is
The dilaton field on the boundary is φ = φ b [17] because the solution of the dilaton field in the bulk is φ = αt + βx + γ, where α, β and γ are again arbitrary constants. The notation θ is a 2π periodic field. Hence, the boundary theory of the two dimensional dilaton gravity theory with the Dirichlet boundary condition and the vanishing cosmological constant loses a kinetic term.
For the case of the non-vanishing cosmological constant, the variation with respect to the boundary field t results in a consistent solution of the boundary dilaton field as in the bulk side [12, 13, 15, 16] . This means that we can use the boundary field t to be the measure in the boundary theory. We can also perform the variation with respect to the boundary field θ to get a constant solution for the boundary dilaton field, which can also be obtained from the bulk side, for the case of the vanishing cosmological constant. Here the boundary field θ can also be served as the measure in the corresponding boundary theory. Now we include the higher derivative term R 2 , which is coupled to the non-trivial dilaton field (φ) in the bulk theory, and derive the corresponding boundary theory (see Supplementary Material [20] ). We begin with the action
where b is a constant. The first term of the action (S gravity,bR 2 ) can also be ignored since it is a topological term. Even if we include the higher derivative term R 2 , the model is still exactly solvable. Integrating out the non-trivial dilaton field gives rise to the equation of motion bR 2 + R − 2Λ = 0. There are two solutions with the same cosmological constant. Since we are considering a perturbative effect, we require that taking the limit b → 0 recovers R → 2Λ. Thus, we choose the solution for the scalar curvature to be R = (−1 + √ 1 + 8bΛ)/(2b). We also put the Dirichlet boundary condition on the boundary fields so a boundary theory comes from the boundary term −[1/(8πG 2 )] du |h uu | φ(1 + 2bR)K. Thus, we can say that the form of the boundary action should not be modified if the dilaton solution is not modified.
Because we only consider the leading correction of the higher derivative term R 2 , we need to carry out a perturbation analysis with respect to the parameter b. We perform the variation with respect to the inverse metric field g ρσ and find that the solution of the non-trivial dilaton field (φ) is followed by −∇ ρ ∇ σ φ + g ρσ ∇ 2 φ +Λg ρσ φ + · · · = 0, in which · · · cannot be controlled by the higher derivative term R 2 andΛ ≡ 2Λ(1 − 2bΛ).
Thus, we can say that the solution of the non-trivial dilaton field (φ) is not modified by including the higher derivative term R 2 .
Two Dimensional Dilaton Gravity Theory and Lattice Schwarzian Theory
Now we generalize the holographic duality from the continuum theory to a lattice theory with a finite lattice spacing and a finite lattice size (see Supplementary Material [20] ). We propose a lattice Schwarzian theory with an SL(2) symmetry. The action of the lattice Schwarizian theory is
and the measure of the lattice Schwarzian theory is
where
is a complex field with u j = ja and n is a number of lattice points in the u direction. The notation β 2 is a parameter of this theory to be tuned to match a discretized boundary theory of the two dimensional dilaton gravity theory. The lattice Schwarzian theory is invariant under the SL(2) transformation: f i → (āf i +b)/(cf i +d) andād −bc = 1, whereā,b,c andd are real constants.
To relate the action of the lattice Schwarzian theory to a boundary action of the two dimensional dilaton lattice gravity theory with the Dirichlet boundary condition, the constant boundary dilaton field and the non-vanishing cosmological constant, we choose the relation between the lattice spacing a and the boundary cut-off ǫ as a = βǫ/ |Λ|, where β is the same parameter that we mentioned above.
solution of z, this boundary action becomes
up to a total derivative term. When we choose the parameter β 2 = 3/2, we can first do the partial integration by part and replace the integration in (7) by the discretized sum
we can identify the action of the lattice Schwarzian theory with the discretized boundary action of the two dimensional dilaton gravity theory under the Dirichlet boundary condition, the constant boundary dilaton field and the non-vanishing cosmological constant up to the second order of the boundary cut-off ǫ 2 .
Outlook
We showed the holographic study for the generic metric solutions in the two dimensional dilaton gravity theory and extended the holographic study to the lattice level. Putting gravity theory on a lattice should lose diffeomorphism. Our study implies that the isometry of the metric should play a more important role than diffemorphism in a holographic study. Now we discuss the renormalization group flow at lattice level. If we put the lattice Schwarzian theory on the boundary of the gravity theory, we can integrate out some sites of the periodic bosonic field to apply the renormalization group flow to obtain an IR effective theory. According to the common lore of the AdS/CFT correspondence, the direction of the renormalization group flow of a quantum theory should correspond to the inward radial direction of quantum gravity theory. Thus, a UV gravity theory is expected to be obtained from the renormalization group flow from the lattice Schwarzian theory at the continuum limit.
